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The notion of an observable and a state on a D-poset have been introduced. In 
the present paper the independence of a sequence of observables is defined and 
the strong law of large numbers is proved. 

1. I N T R O D U C T I O N  

D-posets have been introduced as a natural generalization of various 
models occurring in quantum structures, especially quantum logics and fuzzy 
quantum logics. A typical example of a D-poset is the set F of all functions 
j~ X ~ (0, 1) considered with the partial binary operation \ defined for every 
pair (f, g) with f <- g by the formula g \ f ( t )  = g(t) - f ( t ) .  T he  general 
definition is the following. 

Def in i t ion  1. Let (F, --<) be a partially ordered set with the smallest 
element 0F and the greatest element 1F. It is called a D-poset if a partial 
binary operation \ on F is given such that b \ a  is defined if and only if a -< 
b and the following conditions are satisfied: 

(i) If a --< b, then b \ a  <- b and b \ b ( \ a )  = a. 

(ii) If a <- b <- c, c \b  <- c \a  and ( c \ a ) \ ( c \b )  = b \ a .  

The notion of D-posets was introduced by Chovanec and Krpka (1992; 
Krpka and Chovanec, 1994) and independently (in another form) by Giuntini 
and Greuling (1989). It is interesting that simultaneously the very close notion 
of an orthoalgebra was introduced by Foulis et al. (1992). For the relation 
between D-posets and orthoalgebras see Navara and Ptfik (n.d.). 
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Definition 2. A state m on a D-poset F is a mapping m: F ---r (0, 1) 
satisfying the following conditions: 

(i) m ( 1 F ) =  1. 
(ii) I f f ,  g e F , f - -<g ,  thenm(g)  = re(f)  + m(g \ f ) .  

(iii) I f f ,  e F (n = 1, 2 . . . .  ) , f  ~ F, and fn ,-" f, then m(fn) ,~ re(f) .  

Definition 3. An observable on a D-poset F is a mapping x: ~(R)  --> F 
[where ~(R)  is the o--algebra of Borel subsets of the set R of real numbers] 
satisfying the following conditions: 

(i) x(R)= 1F. 
(ii) If A, B e ~(R),  A C B, then x(B\A)  = x(B)\x(A).  

(iii) If An E ~ ( R )  (n = 1 ,2  . . . .  )An  ~ A, then x(An) /~ x(A). 

It is easy to see that the function mx = m o x: ~ ( R )  ~ (0, 1) is a 
probability measure-- the probability distribution of the observable x with 
respect to the state m. Therefore it is natural to define the mean value 

and the dispersion 

m(x) = I~= t dmx(t) 

o'2(x) = f~_~ t 2 dmx(t) - re(x) 2 

of course, if the mentioned integrals exist. 
The preceding considerations make it possible to formulate and prove 

some versions of the weak law of large numbers (Chovanec and Jure~kov~i, 
1992; Rie6an, n.d.-c). Of  course, the problem of the strong law must be 
considered together with the almost everywhere convergence. This was done 
first in Rie6an (n.d.-b) and in a more convenient form (for our purposes) in 
Rie6an (n.d.-d). Mainly we shall use the results of Rie~an (n.d.-d) for indepen- 
dent sequences of observables in D-posets. 

2. I N D E P E N D E N C E  

Definition 4. Let (x~), be a sequence of observables on a D-poset F. We 
shall say that (X,)n is strongly independent if to every n ~ N there exists a 
mapping hn: ~ ( R  n) ~ F satisfying the following conditions: 

(i) h , ( R " ) =  1 r. 
(ii) If A, B e ~(R") and A C B, then h,(B)\h,(A)  = h,(B\A) .  

(iii) If Ai E ~(R") (i = 1, 2 . . . .  ) and Ai ~ A, then h,(Ai) /" hn(A). 
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(iv) m(hn(Al  • "'" • An)) = m(Xl (Ai ) )  �9 . . .  �9 m(xn(An)) for every A1, 
. . . .  An c ~(n).  

(v) For every A, B ~ ~(R")  there exists the greatest lower bound 
hn(A)/x hn(B). 

Let us mention two examples of independent sequences of  observables 
in a D-poset. 

E x a m p l e  1. Let ~ be an arbitrary nonempty set and ~ = {f: 11 --4 
(0, 1) ; fconstant} .  Define m: ~ -4  (0, 1), re(c) = c. Further, let (~ , ) ,  be a 
sequence of probability measures on ~(R) .  For every A c ~ (R)  and co E 
1~ define x,,(A)(co) = ~,(A). Evidently xn: ~ (R)  -4 F is an observable for 
every n E N. We assert that (Xn), is an independent sequence of observables. 

Namely we can define hn: ~ ( R  n) -4  F by the formula h,,(A)(co) = p~ 

• " '"  • b~,(A). Then 

m(hn(A1 • "'" • An)) 

= I ~  X . . .  X I ~n (A l  X " ' "  X An) 

= btt(A�91 " . . . "  ~ , (An)  = m(Xl(A1))  " . . . "  m(xn(an))  

E x a m p l e  2. Let F be a D-poset, y: ~ (R)  -4  F be a fixed observable. 
Let my: ~(R)  -4  (0, 1) be the probability measure defined by the formula 
my(A) = m ( y ( A ) ) .  Let (fn)n be a sequence of Borel measurable functions, fn: 
R -4  R independent with respect to my,  i.e., 

m n ( f ~ l ( a o  D " '" D f~-l(an)) = m y ( f i t ( A ) ) ' . . .  " m y ( f ; l ( A n ) )  

for every n ~ N and every At . . . . .  An E ~(R).  Define x~: ~(R)  -4  F by 
the formula xn(A) = y ( f ~ l ( A ) ) .  Then (x,,)n is an independent sequence of 
observables. 

Indeed, if we put T: R - 4  R n, T(u)  = ( f l (u )  . . . . .  fn(u))  and hn = y o 
T-  1, then 

m(hn(a l  X . . .  • An)) 

= m y ( f ~ l ( A l )  D " . .  D f ~ I ( A , ) )  

= m y ( f ~  1 (Al)) " . . .  "my( f , 7 l (an ) )  -= m ( x l ( a l ) )  " . . .  "m(xn(an) )  

Definition 4 makes it possible to define the arithmetic mean which 
occurs in the law of large numbers and, of course, more general operations. Put 

g~: R" --9 R, gn(Vl, . .  Vn) 1 �9 , = - -  V i  

F / i =  I 
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Then we define 

- x i  = h .  o o-o,~ t 
n i = - t  

This definition is in harmony with the classical case of random variables ~1, 
. . . .  G and the corresponding random vector T~ = (~1 . . . . .  ~.). Then 

1 
- ( ~ 1  + " '"  + ~,,) = gn O T n 
n 

hence 

(g .  o Tn)  -1  -~- Tn I 0 g21 

Here an observable xi: ~(R) ---> F substitutes the role of a random variable 
~i: f~ ~ R [considering the mapping E ~ ~/-t(E)] and h.: ~ (R  ") --> F the 
role of the random vector T. = (~l . . . . .  ~.) [considering the mapping A 
T;I(A)I .  

3. C O N V E R G E N C E  

Definition 5. We shall say that a sequence (y,,)~ of observables on F 
converges to 0 m-almost everywhere if the greatest lower bound Ak+i / \ n = k  

y~( ( -  l/p, l/p)) exists for every k, i, p ~ N and 

lim lim lim m y~ = 1 
p---> ~ k - , 9 ~  

Theorem. Let (x.)n be a strongly independent sequence of observables 
on a D-poset F such that o-2(x~) exists for every n and ]~=l [r 2] < 
~. Then 

(X i -- m ( x i )  ) 
i=l n=l 

converges m-a.e, to O. 

Proof  By Rie~an (n.d.-d, Section 3) there exists a probability space ( R  N, 

S ~ P) such that 

P(II21(A)) = m(hn)(a)) (*) 

for every A e ~ (R  n) (II~: R g --,, R ~ is the projection). 
Define ~i: R N -'-> R by the prescription ~n((ti)T-l) = t,. Then ~i is a random 

variable, P~i = taxi; hence 
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and 

Moreover, by (*) 

E(~i) = m(xi), 0-2(~i) = O'2(Xi) 

~2({,,) 
n= 1 /:/2 

P ( ~ ? l ( A l )  fq . . .  Q ~;L(A~)) 

= m(hn(Al • "'" • An)) 

= m ( x l ( A O )  �9 . . . "  m(xn(An)) = P(~i-l(A0) " . . . "  P(~;L(An)) 

hence the sequence (G)n is independent. Therefore by the classical strong 
law of large numbers, 

converges P-a.e. to O. Define gn: Rn --~ R by the formula 

gn(Pl . . . . .  Pn) : ! ~ (V i -- E(~i))= ! ~ (v i - m(xi)) 
H i=1 Y/ i=1 

Then by the preceding 

(g,,(~, . . . . .  G))n 

converges P-a.e. to 0. By Rie~an (n.d.-d), Corollary 2, then 

(g.(xl  . . . . .  x~)L 

converges m-a.e, to O, too. But by the definition 

g,,(xl . . . . .  x . )  = h .  �9 g ; l  = _I ~ (xi - m(xi)) 
Yti= I 

! ~ (X i -- m(xi)) 
n i = l  

Hence 

converges m-a.e, to 0. 

R E F E R E N C E S  

Chang, C. C. (1958). Algebraic analysis of many valued logics, Transactions of the American 
Mathematical Society, 88, 467-490.  



1500 Jure~kovd and Rie~an 

Chovanec, E (1993). States and observables on MV algebras, Tatra Mountains Mathematical 
Publications, 3, 55-64. 

Chovanec, F., and Jure6kowi, M. (1992). Law of large numbers on D-posets of fuzzy sets, 
Tatra Mountains Mathematical Publications, 1, 15-18. 

Chovanec, E, and K6pka, E (1992). On a representation of observables in D-posets of fuzzy 
sets, Tatra Mountains Mathematical Publications, 1, 19-24. 

Dvure~enskij, A., and Pulmannov~i, S. (n.d.). Difference posets, effects and quantum measure- 
ments, International Journal of Theoretical Physics, to appear. 

Dvure6enskij, A., and Rie6an, B. (n.d.). Decomposition of measures on orthoalgebras and 
difference posets, International Journal of Theoretical Physics, to appear. 

Foulis, D. J., Greechie, R. J., and Rtittiman, G. T. (1992). Filters and supports in orthoalgebras, 
International Journal of Theoretical Physics, 31,789-807. 

Giuntini, R., and Greuling, H. (1989). Toward a formal language for unsharp properties, 
Foundations of Physics, 20, 931-945. 

Hedl~ovh, J., and Pulmannov~, S. (n.d.). Generalized difference posets and orthoalgebras, 
to appear. 

KolesarovL A., and Rie6an, B. (1993). T| International Journal of Theoretical 
Physics, 32, 1987-1909. 

K6pka, E, and Chovanec, E (1994). D-posets, Mathematica Slovaca 44, 21-34. 
Mesiar, R. (n.d.). Fuzzy difference posets and MV-algebras, to appear. 
Mesiar, R., and Rie6an, B. (1993). On the joint observables in some quantum structures, Tatra 

Mountains Mathematical Publications, 3, 183-190. 
Mundici, D. (1986). Interpretation of AFC*-algebras in Lukasiewic sequential calculus, Journal 

of Functional Analysis, 65, 15-63. 
Navara, M., and Pt~ik, P. (n.d.). Difference posets and orthoalgebras, to appear. 
Pykacz, J. (1987). Quantum logics as families of fuzzy subsets of the set of physical states, 

in Proceedings 2nd International Fuz~ System Association Congress, Tokyo, Vol. 2, 
pp. 437-440. 

Pykacz, J. (1991). Fuzzy sets in foundations of quantum mechanics, in IFSA'91 Brussels, 
Computer Management and System Science, D. Dubois, R. Lowen, and M. Roubens, eds., 
pp. 205-208. 

Rie6an, B. (1992a). Fuzzy connectives and quantum models, in Cybernetics and Systems 
Research '92, R. Trappl, ed., Vol. 1, pp. 335-338. 

Rie6an, B. (1992b). Law of large numbers in certain ordered structures, in PROBASTAT'91, 
P. P~izman, and J. Volaufov~, eds., Mathematical Institute SAS, Bratislava, pp. 288-292. 

Rie~zan, B. (n.d.-a). On the convergence of observables in D-posets, Mathematica Slovaca, 
submitted. 

Rie~:an, B. (n.d.-b). On the convergence of observables in fuzzy quantum logics. Tatra Mountains 
Mathematical Publications, submitted. 

Rie(:an, B. (n.d.-c). On limit theorems in fuzzy quantum spaces, in Selected Papers on Uncer- 
tainty Measures, E. P. Klement and S. Weber, eds., to appear. 

Rie6an, B. (n.d.-d). On the almost everywhere convergence of observables in some algebraic 
structures, to appear. 

Rie6anovL Z., and Br~el, D. (n.d.). Counterexamples in difference posets and orthoalgebras, 
to appear. 


